Corrugated panels have gained considerable popularity in a range of engineering applications, particularly in morphing skin applications. The optimum design of these structures needs simple models of the corrugated panels that may be incorporated into multi-disciplinary system models. Considering the geometric and mechanical properties of the corrugated panel, a generic super element of a corrugated core unit cell with elastomeric coating for morphing structures is investigated in this paper. The super element captures the small deformation of a 2D thin curved beam with variable curvature and is based on an exact analytical equivalent model which avoids any homogenization assumption. The stiffness matrix of a general curved beam element for a corrugated unit cell with elastomeric coating is derived. Different geometries are investigated to verify the accuracy and efficiency of the presented super element. The super element uses the geometric and mechanical properties of the panel as variables that may be applied for further topology optimization studies. The parametric studies of different corrugation shapes demonstrate the suitability of the proposed super element for application in further detailed design investigations.
Introduction
Sandwich structures have been used for a long time in applications where low weight is important, such as packaging, civil, naval, automotive and aerospace industries, due to their low mass to stiffness ratio and high impact absorption capacity (Wang, 2005; Tipping and Stojadinovic, 2008; Eifert et al., 1999; McGowan et al., 1997; Heimbs et al., 2008) . Corrugated panels mat be considered as a subcategory of sandwich structures with remarkable anisotropic behavior. They are stiff and flexible along and transverse to the corrugation direction, respectively. Hence corrugated panels have been proposed as a candidate for application in morphing wings; wing structures must be stiff so as to withstand bending due to aerodynamic forces, and flexible so they can deform efficiently in flight.
Various investigations have been performed on the mechanical behavior of corrugated boards for general applications. The crashworthiness, energy absorption and in-plane compressive response of sandwich structures, is largely related to shape and dimensional parameters such as the length of a unit cell, the thickness of a corrugation, the structural angle and the core height. Zhang et al. (2013) studied the bending strength, stiffness and energy absorption of corrugated sandwich composite structures to provide new insights into the design of lightweight loadbearing structures. The main design parameters considered in their work included fibre type, corrugation angle, core-sheet thickness, bond length between core and face-sheets, and foam inserts. They showed that increasing the corrugation angle and the core sheet thickness improved the specific bending strength of the sandwich structure, while increasing the bond length reduced the specific bending strength. Hou et al. (2013) considered corrugated sandwich panels with trapezoidal and triangular cores to determine the relationship between their structural parameters and the crashworthiness under low-velocity local impact and planar impact. They used multi objective optimization techniques to optimize the structural parameters with the crashworthiness criteria and found that the triangular configuration has better performance in terms of energy absorption. Biagi and Bart-Smith (2012) also studied the in-plane compressive response of corrugated core sandwich columns and identified failure modes including macro buckling, shear buckling, and face wrinkling. Analytical formulae were developed for these mechanisms and used to create failure mode maps as a function of column geometry and material properties and the results were validated with experimental data. Finally, they presented the optimal corrugated core column designs that minimized mass for a given load capacity using the failure mode predictions.
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The development of smart materials and structures motivated designers towards concepts of morphing wings which may provide superior aircraft performance. Morphing skins are an important application of composite corrugated panels, and their design has been identified as a major issue. The highly anisotropic behavior of composite corrugated panels is very effective in morphing skin applications; the panels are stiff along the corrugations to withstand the aerodynamic loads and flexible transverse to the corrugations to allow deformation. Yokozeki et al. (2006) proposed the concept of corrugated composite laminates as a skin for a flapping flexible wing and analytically developed a simple model for the initial stiffness of the laminates which was experimentally verified. Pursuing this concept, tensile and flexural characteristics of trapezoidal corrugated laminates made of glass fiber were experimentally, numerically and analytically investigated by Dayyani et al. (2012) . They investigated the local failure mechanisms, energy dissipation due to delamination in the structure and the three-stage mechanical behavior of the composite corrugated core in tension and bending. Dayyani et al. (2013) extended this study with the experimental and numerical investigations of a composite corrugated core with elastomeric coatings. They analyzed the tensile, hysteresis and three-point bending tests of the coated corrugated panels and simulated the mechanical behavior of the panel. They proposed two concepts to deal with the non-smooth surface of coated corrugated panels during bending, which is one of the main aerodynamic limitations of the structure for morphing skin applications.
The numerical modelling of composite corrugated sheets can be very expensive and time consuming if many corrugation periods are spanned or an actuation system and internal structure are involved. Therefore, a need exists to represent the structural properties of the corrugated panels with equivalent structures allowing mesh densities much lower than needed for the corrugation geometry. The investigations in this field can be classified in two main subcategories: equivalent modelling of uncoated and coated corrugated cores. Briassoulis (1986) and Yokozeki et al. (2006) calculated the equivalent extensional and flexural rigidities of corrugated sheets made of isotropic and composite material using Castigliano's second theorem. Using thin beam and shell theories, Kress et al. Kress et al. (2006) , Kress and Winkler (2010) , Kress and Winkler (2011) derived accurate analytical expressions of equivalent complex-shaped beams and orthotropic plates made of multi-directional laminates for circular corrugations. They extended their study by developing a two-dimensional finite element for the analysis of corrugated laminates. Xia et al. (2012) presented a homogenization-based analytical model considering the coupling stiffness effect. They calculated the average equivalent internal forces and moments over a unit cell corrugation and validated their model with finite element simulations. Bartolozzi et al. (2013) investigated the properties of the equivalent material for an aluminum sandwich panel with a sinusoidal corrugated core, analytically and numerically. They considered a Reissner-Mindlin orthotropic representation and studied the acoustic behavior of the structure. The efficiency of their reduced model was demonstrated by comparing with the fully detailed 3D model.
Recently, the homogenization of coated corrugated cores has been investigated and more elaborate theories have been used to study these structures due to their complex geometry. Aboura et al. (2004) analyzed experimentally and analytically the elastic behavior of corrugated cardboard with skins. They used the classical laminate theory of plates in order to homogenize the coated corrugated core and developed a finite element model showing that the simplified homogenization procedure is adequate. Talbi et al. (2009) studied both laminated and sandwich plate theories and presented an analytical homogenization model for a coated corrugated core. They considered shear forces and torsion moments and developed a 3-node shell element for the linear and buckling analyses. Abbès and Guo (2010) presented an analytical homogenization model for the torsion of corrugated cardboard. They decomposed the plate torsion into two orthogonal beam torsion rates and then developed a shell element for the 2D modelling of corrugated cardboard. Dayyani et al. (2013) also presented an analytical homogenization model based on Castigliano's second theorem to calculate the equivalent tensile and bending flexural properties of a coated composite corrugated core in the longitudinal and transverse directions.
Although some research is available in the field of analytical homogenization of both uncoated and coated corrugated cores, the applicability of these studies to further optimization and design of morphing skins is still a matter of question. For instance, the equivalent flexural property of both uncoated and coated corrugated cores is dependent on the length of panel. Fig. 1(a) shows a comparison of the predicted equivalent flexural properties of both coated and uncoated corrugated panels from finite element (FE) analysis (ABAQUS, 2011) . The details of the geometry of the coated corrugated unit cell are presented in the literature (Dayyani et al., 2012) and a fine mesh of beam elements was considered for the analysis. The ascending trend of the curve for the coated corrugated panel is due to the elastomeric coatings, which act as springs parallel to corrugation unit cell . Fig. 1(a) shows that, for the detailed FE analysis of a corrugated panel, the equivalent flexural property of a sufficiently large number of unit cells is about 9% more than one unit cell. This difference is higher than that predicted from the assumptions and limitations of the theories used. The curvature of an air-foil, especially at the leading edge of the morphing wing, is another issue that must be considered when using the homogenized tensile and flexural properties of the corrugated panel in the literature. The literature describing the equivalent tensile and flexural properties of coated and uncoated corrugated cores is limited to straight flat panels and does not capture the effect of curvature. Fig. 1(b) illustrates the application of the coated corrugated core as a skin of an internal structure (Fish-BAC Woods et al., 2012) of an air-foil in a leading and trailing edge morph. Thus, the limitations identified above motivate the development of a generic super element for a coated corrugated unit cell.
This paper provides an exact equivalent analytical model of a corrugated panel that avoids any homogenization assumptions. The stiffness matrix of a general curved beam element of a corrugated unit cell with elastomeric coating is derived. The direct stiffness method and Castigliano's second theorem, together with appropriate boundary conditions, are applied to obtain the stiffness matrix of the generic super element which captures the small deformation of 2D thin curved beams with variable curvatures. Numerical and symbolic analytical models are investigated to validate the accuracy and efficiency of the presented super element model. Fig. 2 (a) shows a schematic of the corrugated core unit cell coated with an elastomeric skin. The panel is assumed to have periodic corrugations in the longitudinal direction. In comparison to the literature only one side of the corrugated core is coated with the elastomer skin. This approach reduces the weight of the morphing skin and also results in a smaller actuation force required to stretch the skin to morph to the desired position. Fig. 2 (a) shows that any coated corrugation unit cell has three components. Considering the shear deformation between the elastomeric coating and the corrugated core, the regions labelled 1 provide significant area to bond the elastomer and corrugated core. The curved component, labelled 2, causes the main deformations of the skin; the shape and curvature of this member has a major impact on the ratio of the out-of-plane stiffness to the in-plane stiffness of the skin, which must be optimized for the specific application of morphing. The elastomeric skin is labelled 3. Since the ratio of the elastomer Young's modulus to Young's modulus of corrugated core material is very small, a good assumption is to neglect the elastomer coating in the areas overlapped with the composite corrugated core. This assumption is reasonable because these two materials are well bonded together and have the same displacement. Thus the strain energy terms of the elastomer in contact with the composite material maybe neglected . Considering the points mentioned above, the objective of this paper is first to represent an equivalent element for the curved component 2, and then to assemble its stiffness matrix with the stiffness matrix of the elastomeric member 3.
Problem statement

Theory
In this section the direct stiffness method and Castigliano's second theorem are used to derive the stiffness matrix of an arbitrary corrugation curve. Fig. 2(b) shows a schematic of an arbitrary corrugation curve that can be a mathematical function of x, i.e. f ðxÞ. The Cartesian and normal and tangent ðn À tÞ coordinate systems are selected for the global and local coordinate systems. For any arbitrary point on the curve the position vector is:
The unit vectors of the tangent and normal directions are defined as:
In vector notation, the applied forces on node 1, which is located at the origin of coordinate systems, is:
where indices h and v represent the horizontal and vertical directions. The projection of these vectors in the tangent and normal directions are:
and Thus the equilibrium gives the tangent and normal forces and the bending moment as:
The incremental length along the curve is ds
Hence the strain energy of the curved beam due to the axial (tangent) forces and bending moment may be represented as:
where the indices A and B indicate axial and bending. The total strain energy is U ¼ U A þ U B . Since the theory of thin beam elements is used, the strain energy due to shear strains is neglected. From Castigliano's second theorem, the displacements and rotation at node 1, along the direction of the applied forces and moments from the axial strain energy, are obtained as:
A series of factors are introduced from Eq. (8) to keep the format of equations simple and clear. The second index of these factors represents the force which the axial strain energy is differentiated by while the third index indicates which force this factor is the coefficient of. For instance the second index of I A;F 1h F 1v in Eq. (8) represents the force F 1h which the axial strain energy U A;1 is differentiated by, while the third index indicates that the term I A;F 1h F 1v is a coefficient of F 1v . Similarly for the bending strain energy:
Eqs. (8) 
Applying the proper boundary conditions at node 1, the corresponding forces, representing the elements of the stiffness matrix, are obtained. For
where detðI 1 Þ is the determinant of the flexibility matrix I 1 . For
And for the last case if
Fig . 3 shows a schematic of general curved beam in which node 1 and node 2 do not have the same y coordinate. Considering the equilibrium equations of the general curved beam, the reaction forces at node 2 are:
The rest of elements of first three rows of the stiffness matrix follow from Eq. (25). For i ¼ 1 : 3
Following the same strategy as for node 1, and applying the forces and moment to node 2, the rest of the elements of the stiffness matrix are obtained. Representing the reaction forces at node 1 based on the forces at node 2, and substituting into Eq. (6), gives
It is clear from Eqs. (6) and (27) that the axial forces have identical formats and hence
In other words the axial stiffness matrices are identical as expected ½I A;2 ¼ ½I A;1 ð Þ , and whether the curve f ðxÞ has a symmetry axis at the mid-point of the curve is not important. By applying Castigliano's second theorem to derive the displacements and rotation at node 2, along the direction of the applied forces and moments, the following flexibility terms are obtained.
The comparison of Eqs. (29)- (31) and Eqs. (11)- (13) reveals that the flexural stiffness matrices are not identical ½I B;2 -½I B;1 ð Þ for a general function f ðxÞ and depends on whether the curve f ðxÞ has a symmetry point (rotational symmetry of order 2) in the middle of the curve. Similarly, by rearranging Eqs. (29)- (31) in a matrix form, the relation between the nodal forces and corresponding displacements are:
where each element of the flexibility matrix I 2 is a sum of the factors due to axial and bending strain energy. Again by applying the proper boundary condition on node 2 the corresponding forces, representing the elements of the stiffness matrix are obtained. For
where detðI 2 Þ is the determinant of the flexibility matrix I 2 . For
For the last case if 
Again by considering the equilibrium equations of the general curved beam the reaction forces of node 1 are:
The rest of elements of first three columns of the stiffness matrix follow from Eq. (42). For i ¼ 4 : 6
Eqs.
(1)-(43) generate the stiffness matrix ½K c 6Â6 for a general curved beam f ðxÞ defining the corrugated core unit cell. In order to calculate the stiffness matrix of the coating ½K el 6Â6 , which is illustrated schematically in Fig. 2(a) , the same procedure is repeated for a general line segment with the equation gðxÞ ¼ f ðx l Þ x l x; 8x 2 ½0 x l . Therefore the stiffness matrix of the super element is obtained from assembling the stiffness matrices of the core and elastomer elements which have nodes in common. Thus:
Validation
Different models are considered in this section to verify the accuracy and efficiency of the presented super element of the corrugation curve symbolically and numerically. First, the mechanical behavior of a rotated straight beam predicted by the super element model is compared symbolically to those presented in the finite element literature. Then, a sine corrugation with a range of periods is modelled by the proposed super element and its mechanical behavior under combined loading is compared to those calculated by ABAQUS (ABAQUS, 2011).
Rotated straight beam
In order to validate the performance of the proposed super element symbolically, the simplest form of curved element is considered; a rotated straight beam element with rotation angle h.
According to finite element theory, the global stiffness matrix of a rotated beam element is given by
T is the rotation transformation matrix. The same result is achieved in Eq. (45) by using the function f ðxÞ ¼ x Ã tanðhÞ in Eqs. (1)- (43). The global stiffness matrix of a straight rotated beam is then: where C, S, E, l, A and I represent cosðhÞ, sinðhÞ, Young's modulus, the length of element, the cross section area and the second moment of area, respectively.
Sine wave profile
In this section the accuracy of the proposed element is investigated as a function of the length and curvature of the element. A number of periods of the function f ðxÞ ¼ sinðxÞ were considered for the proposed super element. Fig. 4(b) shows five deformed and undeformed shapes of a simple sine wave with 2 N periods, where N ¼ 0; 1; 2; 3; 4. In each case, all degrees of freedom at node 1 were fixed and unit displacements in both horizontal and vertical directions, as well as a unit rotation was applied to node 2 as its boundary condition. The nodal reaction forces and moments were compared to those calculated by ABAQUS in which 544 Ã 2 N beam elements with cubic shape functions were used to mesh the sine profile for each case. Fig. 4(a) shows the percentage error versus the length of the sine profile. The error is smaller than 0.025% for 16 periods of the sine profile, which was discretised with 8704 elements in ABAQUS. This shows the efficiency and accuracy of the proposed method.
Corrugation curve study
In morphing skin applications, the in-plane tensile stiffness of the corrugated panel is directly related to the actuation force required to change the camber of the air-foil. However the outof-plane bending stiffness of the corrugated panel is inversely related to the local deformation of the skin of the air-foil due to the external pressure caused by the airflow. Maximizing the ratio of the equivalent EI to the equivalent EA, i.e.
EIeq EAeq
, of the corrugated panel is one of the required design objectives. Dayyani et al. (2013) gave more details about estimating the equivalent EI and EA. In this section the effect of the corrugation shape on the ratio EIeq EAeq is studied. From experimental data , the Young's modulus of the corrugated core and the elastomeric skin were assumed to be 4500 MPa and 13.5 MPa, while their thicknesses were assumed to be 1 mm and 0.8 mm, respectively. The width of the panel was 25 mm. especially in morphing wing application (Dayyani et al., 2014) . In this section the effect of parameters defining the trapezoidal corrugation shape on the ratio EIeq EAeq is investigated. As shown in Fig. 5(b) any symmetric trapezoidal shape is defined by means of four independent parameters a 1 , a 2 , a 3 and h. To reduce the number of parameters, a constraint of a 1 ¼ a 3 is applied. The trapezoidal shape function f ðxÞ is defined as:
where the symbol h; i represents the Heaviside step function. The length of the corrugation unit cell is assumed to be 30 mm, which imposes another constraint, namely 2a 1 þ a 2 ¼ 15. Fig. 5(a) shows the effect of a 2 and h on the ratio of
, and highlights that this ratio is sensitive to both h and a 2 . As the height of the corrugated unit cell increases, the equivalent axial stiffness of the panel reduces more quickly than the bending stiffness. On the other hand, for a constant height of corrugation when the parameter a 2 decreases, the angle of the corner of the corrugated unit cell decreases, which results in a significantly smaller equivalent tensile stiffness. More details for the mechanism of deformation of the trapezoidal corrugation unit cell are reported in the literature (Kress and Winkler, 2011) .
Polynomial corrugation shape
An important question in the application of coated corrugated cores for morphing skins is the optimum curve for the corrugation that satisfies the different objective functions such as the maximum EIeq EAeq or the minimum weight. Although topology optimization is beyond the scope of this paper, the capability of the presented method to estimate the equivalent stiffnesses for unusual geometries is presented briefly in this section. As mentioned before, members 2 and 3 in Fig. 2(a) have a major role in the deformation mechanism of the coated corrugated core. One possible corrugation for both coated and uncoated corrugated unit cells is shown in Fig. 6(a) . The key role of the elastomer in reducing the stiffness ratio EIeq EAeq is shown in Fig. 6(a) . This is mainly because the out of plane stiffness of the elastomer coating is very low and the elastomer behaves as a spring that undergoes only tension. Thus the elastomer resists the gap opening between two adjacent crests of each unit cell of the corrugated core and hence the equivalent axial stiffness of the coating, EA eq , increases more that the equivalent bending stiffness, EI eq .
Conclusion
This paper has derived a generic super element for a unit cell of a corrugated core panel with an elastomeric coating, motivated by morphing aircraft structures. The stiffness matrix of the super element captures the small deformation of 2D thin curved beams with arbitrary curvature based on the geometric and mechanical properties of a corrugation shape. The model was verified using numerical and analytical examples and the accuracy and efficiency was demonstrated. The performance metric used was the ratio of the bending stiffness of a panel to the in-plane stiffness; for morphing aircraft applications the bending stiffness determines the out-ofplane displacement due to aerodynamic loads, and the in-plane stiffness determines the actuation forces required. For the trapezoidal corrugation shape, this stiffness ratio increases with the height of the corrugation and the angle of the sloping side panel. For the polynomial corrugation shape, this stiffness ratio increases as the corrugation shape becomes narrower. The main application of the developed model is for the low fidelity system level optimization of morphing aircraft, where the in-plane and out-of-plane stiffness of a corrugated morphing skin may be estimated accurately and efficiently from its geometry without resorting to a detailed finite element model. This will allow the morphing skin to be optimized simultaneously with the internal structure of a morphing concept, by including a realistic estimate of the aerodynamic loads, actuation forces and structural mass. .
